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MAT 6B 12—NUMBER THEORY AND LINEAR ALGEBRA
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Section A

Answer all the twelve questions.
Each question carries 1 mark.

Define ged of two integers.

Find lem (- 15, 20).

Define a Diophanting equation in two variables.
Write the canonical form of 180.

State Wilson’s theorem.

Define a pseudoprime.
Find ¢ (9).
Define subspace of a vector space.
Give a spanning subset of the vector space of all polynomial functions over R.
Show that any set of vectors which contains the zero vector is lihearly dependent.
Define a linear map. :
Define kernel of a linear map.
(12 x 1 = 12 marks)
Section B

Answer any ten out of fourteen questions.
Each question carries 4 marks.

a(a2 +2)

Show that is a positive integer for any positive integer a.

Prove that two non-zero integers a and b are relatively prime if and only if there exist integers
x and y such that 1 = ax + by.

Find ged (1769, 2378).
Turn over
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Is V2 a rational number ? Jﬁstify your answer.

Find the remainder when 41 is divided by 7.

Define an absolute pseudoprime. Illustrate with an example.
Ifp and q are pmmes, show that p?-14¢P-1 = 1 (mod pg).

If n is a squarefree positive integer, prove that the positive divisors of n is 2, where ris the
number of positive divisors of n.

Show that for a positive integer r, the product of any r consecutive positive integers is divisible
by r!. -

Define a vector space.

co+BeW forall a,feW andforall ceF.

Show that the set ley, ey, €3, €4}, where e; = (1, 0, 0,.0), ez = (0 1, 0, 0), eg = (0, 0 1 O),

e, = (0,0,0, 1), is a basis of R*.
Show that the mapping f:R? - R? given by f (a, b) = (a + b, @ — b) is linear.

If Vis a vector space of dimension n > 1 over a field F, show that V is isomorphic to the vector space
|
(10 x 4 = 40 marks)
Section C

Answer any six out of nine questions.
Each question carries T marks.

Given mtegers a and b, not both of which are zero, prove that there exist integers x and y such
that ged (a, b) = ax + by.

Prove that the linear Diophantine equation ax + by = ¢ has a solution if and only.if d|c where
d = ged (a, b). Verify whether the Diophantine equation 14 x + 35 y = 93 can be solved.

Solve the system of coxigruences x = 2(mod 3),x = 3(mod 5), x = 2 (mod 7).
State and prove Fermat’s Little Theorem.
Obtain the number and sum of positive divisors of a positive integer n.

Are the intersection and union of two subspaces of a vector space V again subspaces of V? Justify
your answer.

A non-empty subset S of a vector space V is a basis of V if and only if every element of V can be
expressed in a unique way as a linear combination of elements of S.

E
-

Prove that a non-empty subset W of a vector space V over a field Fisa subspace of V if and only if —~
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Show that the linear mapping £ :R% - R® given by f(x,y,2) = lx +2, x + y+22,2x+y+3z)isnot

surjective.
Let V and W be vector spaces over a field F. If the set {vy,09, Vg,..., v,} is a basis of V and if
wy, Wy, Wy,..., w, are elements of W, prove that there is a unique linear mapping f:V - W such
thatf(v) =w; (i =1,2,38, .., n).
(6 x 7 =42 marks)
Section D

Answer any two out of three questions.
Each question carries 13 marks.

Prove that if a and b are integers with b # 0, then there exist unique integers q and r such that
a=éh+r,0$rs|b|.- '
Show that Euler’s phi-function is multiplicative.
If V and W are vector spaces ovef afield F and if f: V-5 W is a linear map, prove that :
(@) flvy—vy) =flv)—fy)
(b) the set Ker f={ve V:f (v)=0} is a subspace of V.

(c) for any subspace X of V, f (X) is a subspace of W.
(d) fis an isomorphism if and only if Ker f = {0}.
(2 x 13 = 26 marks)



