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General Instructions
In cases where choices are provided, students can attend all questions in each section.
The minimum number of questions to be attended from the Section / Part shall remain the same.

There will be an overall ceiling for each Section / Part that is equivalent to the maximum weightage
of the Section / Part.

Part A
Answer all the questions.
Each question carries 1 weightage.

Show that if V is a finite-dimensional vector space, then any two bases of V have the same
number of elements.

Verify that the function T from R? into R? defined by T(xy,x)=(x; —%5,0) is a linear

transformation.
Let T be the linear operator on C? defined by T(x;,%3)=(x,0) and let B={(1,0),(0,1)} and

B = {(1, i),(—i,2)} be two ordered bases for C2. What is the matrix of T relative to the pair B,B?

(]
Show that if S is any subset of a finite-dimensional vector space V, then (S") is the subspace

spanned by S.
Let T be the linear operator on R2, the matrix of which in the standard ordered basisis A = B _21} :

prove that the only subspaces of R2 invariant under T are R2 and the zero space.
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Prove that if E is the projection on R along N, then (I — E) is the projection on N along R.

Define inner product on a vector space and show that if (o.|B)=0 for all B in an inner product
space V, then a = 0.
Consider C, with the standard inner product. Find an orthonormal basis for the subspace spanned
by By =(1,0,i) and By =(2,1,1+4).
(8 x 1 = 8 weightage)
Part B

Answer any two questions from each of the following units.
Each question carries 2 weightage.

UnitI
Show that a non-empty subset W of a vector space V is a subspace of V iff for each pair of vectors

a, B in W and each scalar ¢ in the scalar field F the vector ¢ o + B isin W.

Find the co-ordinate matrix of the vector (1, 0, 1) in the basis of ¢? consisting of the vectors

(24,1,0),(2,-1,1),(0,1+7,1-i) in that order.

Let T be the linear operator on R? defined by T(x;, 5,3 )»(8%1,%,—%5,2x1 + x5 +x3 ). Is T invertible ?
If so, find a rule for T
Unit IT

Let V be a finite-dimensional vector space over the field F, and let B = {01,..., a,} be a basis for
V. Show that there is a unique dual basis B" = {fi,-.., f,} for the dual space V".

Let V. and W be vector spaces over the field F, and let T be a linear transformation from Vinto W.
Show that the null space of T is the annihilator of the range of T. Show further that if Vand W
are finite-dimensional then rank (T%) = rank (T).

Let T be a diagonalizable linear operator on an n-dimensional vector space V, and let W be an
invariant subspace under T. Prove that the restriction operator T is diagonalizable.

Unit ITT
Let V be a finite-dimensional vector space and let w, be any subspace of V. Show that there is a
subspace w, of V such that V=w, ®w, .

Let E be a projection of V and let T be a linear operator on V. Prove that the range of E is invariant
under T iff ETE = TE.

Show that an orthogonal set of non-zero vectors is linearly independent in an inner product
space.

(6 x 2 = 12 weightage)
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Part C

Answer any two questions.
Each question carries 5 weightage.

If w, and w, are finite-dimensional subspaces of a vector space V, then show that :

(i) w, +w,is a finite-dimensional subspace of V.

(i) dimw, +dim w, = dim (w; ~ wy) +dim (W, + w,)
Let W be the subspace of R® which is spanned by the vectors oy =(1,2,1,0,0), oy =(0,1,3,3,1),
a3 =(1,4,6,4,1). Find a basis for w°.

Let T be a linear operator on a finite dimensional vector space V. Prove that if fis the characteristic
polynomial for T, then £ (T) = 0.

Let W be a finite-dimensional subspace of an inner product space V and let E be the projection of
V on W. Show that :

(i) E is an idempotent linear transformation of V onto W.

(i) w isthe null space of E.

(i) v-weow'.
(2 x 5 = 10 weightage)



