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Part A

Answer all the questions.
Each question carries weightage 1.

Let v be a vector space over a field F. Show that if ¢ is a scalar and o is the zero-vector then
co=0.

Describe all subspaces of R2.

Let W, and W, be subspaces of a vector space V such that W; + Wy = Vand W; n' W, ={0}. Prove

that for each vector a in V there are unique vectors o; in W; and ag in W, such that o =a; +ay.

Write a basis for the vector space of all 2 x 2 matrices over the field F of real numbers. Justify your
answer.

Verify that the function T : R2 - R2 defined by T (3, x3) =(1+ %y, x3) is a linear transformation.

Let T be the linear transformation from R3 into R? defined by T (xy, x5, x3) = (xl +29, 2x3 — X1 ).

If B is the standard ordered basis for R3 and &' is the sfandard ordered basis for R2, What is the
matrix of T relative to 8 and 3'.

Show that if s is a subset of a vector space V, then s° is a subspace of V*.
Show that similar matrices have the same characteristic polynomial.

Let V be a finite-dimensional vector space. Determine the minimal polynomial for a diagonal operator
onV.

Let E be a projection of a vector space with range R. Show that a vector B is in the range R iff

B = EB.
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: 2-1
Let T be the linear operator on RZ, the matrix of which in the standard ordered basis is [O 2]-

Show that the subspace W, spanned by the vector (1, 0) is invariant under T.

Define inner product on a vector space.

Show that if s is any subset of a vector space V, then its orthogonal complement st is a subspace
of V.

Let (]) be the standard inner product on R2. Let a = (1, 2), p=(-11). If v is a vector in R? such

that (o/y)=-1 and (B/y)=3, find 7.

(14 x 1 = 14 weightage)
Part B

Answer any seven questions.
Each question carries weightage 2.

Let V be a vector space over the field F'. Show that the intersection of any collection of subspaces of
V is a subspace of V.

Let B ={oy, 0,03} be the ordered basis for R3 consisting of oq =(1,0,-1),3=(1,1,1),
ag =(1,0,0). What are the co-ordinates of the vector (a, b, ¢) in the ordered basis 5 ?

Let T be a linear transformation from a vector space V into a vector space W over the same field F.

Show that T is non-singular iff T carries each linearly independent subset of V onto a linearly

independent subset of W.
: " 4

Let V be a finite-dimensional vector space over the field F, and let W be a subspace of V. Show that ™~
dim W + dim W° =dim V.

Let T be a linear operator on an n-dimensional vector space V. Show that the charé.ctéristic and

minimal polynomials for T have the same roots, except for multiplicities.

Let T be a diagdnalizable linear operator on the n-dimensional vector spacé V, and let W be a

subspace which is invariant under T. Prove that the restriction operator Ty is diagonalizable.
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Let V be the vector space of all n x n matrices over R. Let W; ={A8V!At =A} and

W, = {A eV:A" =— A} be subspaces of V. Show that W; & W, = V.

Let E be a projection and T be a linear operator on a vector space V. show that the range of E is
invariant under T iff ETE = TE.

Show that if V is an inner product space, then for any vectors a,Bin V; |(o|B)<| o|-| B].

State and prove Bessel’s inequality.
(7 x 2 = 14 weightage)
Part C '

Answer any two questions.
Each question carries 4 weightage.

Show that if W, and W, are finite dimensional subspaces of V, then W, + W, is finite-dimensional

and dim Wy + dim W, =dim (W; 1 Wy) + dim (W, + Wp).

Let W be the subspace of R® spahned by the vectors o3 =(2,-2,8,4,-1), a3 =(-1,1,2,5,2),
ag=(0,0,-1,-2,3), as=(1,-1,2,3, 0). Describe W°, the annihilator of W.

Let V be a finite-dimensional vector space over the field F and Let T be a linear operator on V.
Show that T is triangulable iff the minimal polynomial for T is a product of linear polynomials
over F.

Apply the Gram-Schmidt process to the vectors B; =(1,0,1), Bz =(1,0,-1), B3 =(0,3,4), toobtain

an orthonormal basis for R? with the standard inner prod_uct.
(2 x 4 = 8 weightage)



