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Part A

Answer all questions.
Each question carries weightage 1.

. Verify whether ¢ (x, ¥)=(x +1, y + 2) is an isometry of the plane.

Describe a subgroup of order 4 in Zgy xZg.

. Give two non-isomorphic groups of order 12.

Let G be the cyclic group Zs and X = {1, 2, 3,4, 5} with action given by @-x=a +x(mod 5).
Find the isotropy group G, for x = 1. :

Verify whether the series (0) <12Z <4Z < Z and 0 < 12Z <3Z < Z are isomorphic.

Find the commutator subgroup of the symmetric group S,.

Verify whether (0) <5Z < Z is a composition series.

Find the number of 5 — Sylow subgroups of a group G where |G| = 75.

Let H, K be subgroups of a group G and HNnK ={e}. Show that if hkecH for some heH and
k € H then % = e where e is the identity of G.

Find the number of elements in the group presented as (x, Vixy =3,y = x).

Let ¢:Q[x] > R be the evaluation homomorphism at /3. Find an element in Ker ¢.

Verify whether x* — 4 is irreducible in Q[x].
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Find the multiplicative inverse of (1+ 2 + j + k) in the ring of quaternions.

Let ¢:Z,9 > Zyy be defined by x> 2x. Find Ker¢.

(14 x 1 = 14 weightage)
Part B

Answer any seven questions.
Each question has weightage 2.

Verify whether Z, xZ,4 is a cyclic group.
Describe all abelian groups of order 18.
Let G =Z4 xZg and H be the subgroup generated by (1, 1). Show that (0,1) + H=(0,5) + H.

Let G be the subgroup generated by (1, 2) in the symmetric group S, and X = {1, 2, 3, 4} with

action given by o-x=0c(x) for all ceG and x € X. Find the number of orbits in X.

Let N be a normal subgroup of a group G and H be a subgroup of G. Show that HN is a subgroup
of G. ;

Describe the central series of the symmetric group S,.
Show that a free group on two generators is not abelian.

Give a presentation of the Klein four group using two generators and verify it.

Verify whether x5 — 6x* + 9x + 6 is irreducible in Z [x].

Let N be an ideal of a ring R. Show that ¢:R — R/N defined by x+>x+N for xR is a
homomorphism of rings with kernel N.

(7 x 2 = 14 weightage)
Part C

Answer any twe questions.
Each question kas weightage 4.

(a) Show that if m divides the order of a finite abelian group G then G has a subgroup of order m.

(b) Let G be an abelian group of order pg where p and g are primes and p# 3. Show that Gis
eyclic. '



26.

217.

A

28.

3 D 51443

Let X be a G-set. For g€ G let 0g:X - X be defined by o, (x)=g - x. Show that :
(a) oz is a permutation of X.

(b) ¢:G — Sx defined by & o is a homomorphism of groups where Sx is the group of all

permutations on X.

Let H be a subgroup of a group G and N be a normal subgroup of G. Define ¢ : HN S H/(HNN)
by hn> h(HNN). Show that :

(a) ¢ is a well defined map.
(b) .¢ is a homomorphism onto H/(HNN).
(c) Keré¢=N. .
(a) Define irreducible polynomial in F [x] where F is a field.
(b) Prove that a polynomial of degree 3 in F [x] is irreducible if and only if it has'no zero in F.

(¢) Let f(x)eZ[x]. Show thatif f (x) isirreduciblein Z [x] then f(x) considered as a polynomial
in Q[x]. is irreducible in Q [x]. :

(2 x 4 = 8 weightage)



