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Part A (Short Answer Questions)

Answer all questions.
Each question has weight 1.

If 1 is a positive measure on a c-algebra M. Then show that lim u(A,)=p(lim A, ), where

A leMwithA; D A; DA,..... and p (A, ) is finite.
n 5 2 3 1

Show that if f is a measurable real valued function and g is continuous function, then gof is

measurable.

State Riesz Representation Theorem.

Prove that the Lebesgue measure is translation invariant.

Define total variation of a complex measure p.

Define absolute continuous measure, mutually perpendicular measures, and, Jordan decomposition
of a measure.

Show that if f e L' (u) and g € L' (v) then fg e L' (ux v).

Show by an example that the c-finite condition in Fubini’s theorem can not be dropped to reach
the conclusion of the theorem.

(8 x 1 =8 weightage)
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Part B (Short Essay)

Answer any two questions from each unit.

Each question has weightage 2.
Unit 1

9. State and prove Fatou’s Lemma. Also give an example for strict inequality in this Lemma.

10. Let f: X > [O, oc] be measurable. Then show that there exist simple functions s, on X such that

(@)0<s; <sy<...<f;and (b) s, (x) > f(x)as n —» x, for every x € X.

>
11. Let f:X—[0,%] be measurable, ¢(E)= Ifdu (Ee M). Prove that ¢ is a measure on M and
E
Jgdu = j gf dufor every measurable real function g on X.
X X
Unit 2
12. Prove that there exist a Lebesgue measurable set which is not a Borel set.
13. Prove that the total variation M of a complex measure p on c-algebra M is a positive measure
on M.
14. State and prove Hahn Decomposition Theorem.
Unit 3 et

15. Let [X, S] and [Y,I'] be two measurable spaces. Prove that if EeSxT, then E, and E, are

measurable.

16. Prove that the class of elementary sets is an algebra.

17. Let m, denote Lebesgue measure on Rt Ifk=r+s,r>1s2>1 thenm & is the completion of the

product measure m, x m_. Prove.
(6 x 2 = 12 weightage)
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Part C (Essay)

Answer any two questions.

Each question has weightage 5.

Suppose f and ge Ll (1) and a, B are complex constants.Then show that af + pgeL! (n) and

[fdu

X

j(af +Bg)du=a Ifdu +P fgdu- Also show that
X X X

SJVV»

State and Prove Lusin’s Theorem.

Let u be a o-finite positive measure on X and ¢ a bounded linear functional on L” (u),1< p <.

Then prove that geL?(u), where g is the conjugate of p such that ¢ (f) = Ifgdp, and 9] = |l uq .
X

State and prove Fubini’s Theorem.
(2 x 5 = 10 weightage)
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