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' | ' Part A

Answer all the questions.
Each question carries weightage of 1.

1. Let V be a vector space over field K. Show that for any scalar k€K and 0eV,%0=0.

2. Consider V=R® as a vector space over R. Show that W is not a subpsace of V, where

W ={(a,b,¢):a20}.

3. For which value of & will the vector u=(1,-2, k) in R® be a linear combination of the vectors

v=(3,0,-2)and w=(2,-1,-5)?
4. Show that the mapping F:R? — R defined by F(x,y)=xy is not linear.

5. Let ¢ be thelinear functional on R? defined by ¢(2,1)=15and ¢(1,~-2)=-10.Find ¢ (x, y).

ey .
6. Let A= [ & ] Find all eigenvalues and the corresponding eigenvectors of A viewed as a matrix

over the real field R.

7. -Show that 0 is an eigenvalue of T if and only if T is singular.

basis for R".

9. State the cayley-Hamilton Theorem.

Turn over
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For the matrix A = [ 1

5
3], find a polynomial having the matrix A as a root.

Consider the three pblynomials defined as follows :
p (0= 7% - 4¢% + 3, po (t)= 215 + 5¢2, pg (t) = 8% —23¢2 + 6,. Is the set {p, ps, ps} linearly
independent ? = ' ‘

Let R® be equipped with the standard inner product. What is the orthogonal proejctioh of the

vector x=(1,2,3) onto the vector y= (3,.2,1)?

Let V be the set of polynomials with the inner product{f, g)=.[:f (t)g(z). Let

f(B)=t+2 Fmdu f|
Ifuis orthogonal to v, then show that every scalar multlple of u is also orthogonal to v.
(14 x 1 = 14 weightage)
Part B

Answer any seven questions.
Each question carries weightage of 2.

Let V be the vector space of n-square matrices over a field R. Let U and W be the subspaces of
symmetric and antisymmetric matrices respectively. Show that V=U® W. -~

Let T:R* > R® be the linear mapping defined by

T(x, 5 8t)=(x-y+s+t,x+2s—t,x+y+3s - 3t). Find a basis and the dimension of the image

UofT.

Let V be a vector space over the field F. Prove that the intersection of any collection of subspaces of
V is a subspace of V.

Let W be an invariant subspace for T. Show that the characteristic polynomial for the restriction
operator Ty, on W divides the characteristic polynomial for T.

State and prove the Bessel’s inequality.
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Find a unit vector orthogonal to vy = (1,' 1,2)and vy (0,1,8)in R3.

For what value of k, (1, v) = xlyi — 3x,y9 —3xpy; + kxgys, where u =(x1,%3), v = (1, ¥2) is aninner
product in R2?

State and Prove Cauchy-Schwarz inequality.

Verify that the following is an inner product in
RZ :{u, v) = 15y - 21¥2 — Xa¥1 + 3%z, Where u =(x1, %3), v = (51, ¥2)-

If AeF is a characteristic value of a linear operator T on a vector space V, then show that for any
polynomial f (x)over F, f () is a characteristic value of f(T).
(7 x 2 = 14 weightage)
Part C ‘

Answer any two questions.
Each question carries weightage of 4.

If W; and W, are finite dimensional subspaces of a vector space V, then prove that W; + W; is
finite dimensional and dim W; + dim W = dim (W, N Wp) + dim (W; + Wa).

Prove that a linear operator T: V-V has a diagonal matrix representation if and only if its
minimal polynomial m () is a product of distinct linear polynomials.

Let V and W be vector space over the field F, and 1et T be a linear transformation from V into W,
The null space of T¢ (transpose of T) is the annihilator of the range of T. If V and W are finite

dimensional, then prove that (i) rank (T‘ ) =rank (T), (ii) the range of (Tt) is the annihilator of
the null space of T.
Apply Gram-Schmidt process to the vectors w; = (L,0,L,0)wy = (L1,1,1)and wg = (0,1,2,1) to

compute an orthonormal set in R

(2 x 4 = 8 weightage)



