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Part A 2

Ans‘;wer.ﬁ]] the questions.
Each question carries 1 weightage.
1. Let W; and W), be subspaces of a vector space V such that W; +Wy=Vand W; n Wy = {C}. Prove
that for each vector a in V there are unique vectors o, in W and ay in W, such that a = a; + a.
9. Is there a linear transformation T from R3 into R2 such that

T(1,-1,1)=(1,0)and T(1,1,1)=(0,1) ? Justify your answer.

3. If W; and W, are subspaces of a finite-dimensional vector space, then prove that
W1 =W2 iﬁ‘W1°= W2°.

.~ 4. Define minimal polynomial for a n x n matrix. Find a 8 x 8 matrix for which the minimal polynomial
is x2. : : : :
5. Let T be the linear operator on R? which isrepresented in the sténdard ordered basis by the matrix

0o -1 ; % _ :
A= [1 0 ] Show that the only subspaces of R2 which are invariant under T are RZ and the

zero space.
6. Find a projection E which projects R2 onto the subspace spanned by. (1, -1) along the subspace |

spanned by (1, 2).
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Let V be an inner product space and leta, Be V. Show that |(a |B)|{<] o || B|-

Let V be an inner product space, W a finite-dimensional subspace, and E the orthogonal projection
of V on W. Show that the mapping B +> B - EB is the orthogonal projection of V onto wt..
(8 x 1 = 8 weightage)
o Part B

Answer any two questwns from each of the following units.
Each question carries 2 weightage.

Unrr I

- -
Show that the subspace spanned by a non-empty subset S of a vector space V is the set of all linear
combinations of vectors in S.

Let V be the vector space of all 2 x 2 matrices over the field F. Prove that V has dimension 4 by
exhibiting a basis for V.

Let V and W be vector spaces over the field F and let « be an isomorphism of V onto W. Prove that
the mapping T+ u Tx! is an isomorphism of L (V, V) onto L (W, W).

Unir II

Let T be the linear operator on R3 defined by T (1, %2, ¥3) =(3%; +x3, — 2x; + x5, xi +2x9 +4x3).
What is the matrix of T in the standard ordered basis for R3 ?

Let T be a linear operator on an n-dimensional vector space V. Show that the characteristic and
minimal polynomials for T have the same roots, except for multlphcltles \/

Let A be any m x n matrix over the field F. Show that the row rank of A is equal to the column rank
of A. ~ :

Unir I

Let V be a real vector space and E an idempotent linear operator on V. Prove that I + E is invertible.
Find I + E) L.

Apply the Gram-Schmidt process to the vectors B; =(1,0,1), By =(1,0,-1), 3 =(0,3,4), toobtain
an orthonormal basis for R? with the standard inner product.

State and prove Bessel’s inequality. :
(6 x 2 = 12 weightage)
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Part C |

Answer any two questions.
Each question carries 5 w_eightage.

Let V be an n-dimensional vector space over the field F, and let p and B’ be two ordered basis of V.

Show that there is a unique invertible n x n matrix P with entries in F such that :
() [o]g=Plo]p; Gi) [e] p = Pq] p for every vector a in V.

Let V and W be vector spaces over the filed F and let T be a linear transformation from V into W.
If V is finite-dimensional, then show that

rank (T) + nullity (T) =dim V.

:
We, prove that W= [ N,..
fal

Let T be a linear operator on a finite-dimensional space V. Show that if T is diagonalizable and

if¢g,.....,c; are the distinct characteristic values of T,'then_ there exist linear operators

E;,E,,..,E; on V such that :
) T%clEl P +.ckEk.
(i) I=E;+Ey+...+E;

(i) E;E;j=0, i#j

(iv) Eiz = Ei 2

(v) The range of E; is the characteristic space for T associated with c;.
: (2 x 5 = 10 weightage)



