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Part A-

Answer all questions.
Each question carries weightage 1.

" Expréss the polynomial tf + t% - tg (n = 3) in terms of elementary symmetric polynomials.

Express Q(\/g, %) in the form Q(8).

If oy Ggy ,&,}is a basis of a number field K consisting of integers, then show that the

discriminant A[ay,..., a, ] is a rational integer, not equal to zero.
Find integral basis and discriminant for Q(\/E )

Let K=Q(&) where & = ¢/ Calculate N (o) and Tg (o) for o = £2.

Show that the ring of integers in a number field K is noetherian.
Show that a prime in a domain D is always irreducible.

Determine the group of units of the ring of integers of Q(N/.-_l )

R ;
Let R be a ring and a an ideal of R. Show that ¢ is maximal iff o is a field.

If p=(3,1-v=5) is the ideal in Z[-5], then determine pp~".

Sketch the lattice in R? generated by (-2, -7) and (4, -3).
State Minkowski’s theorem. :
Let L be an n-dimensional lattice in R® with basis {e, s, ..., e, }. Suppose ¢ =(ay;, ag;- - i )-

Show that the volume of the fundamental T of L defined by this basis is v(T) = | deta;; |

Factorize the ideal (3) in the ring of integers of Q(Jg )
(14x1=14 weightagé)
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Part B

Answer any seven questions.
Each question carries weightage 2.

Show that every finitely generated abelian group with n generators is the direct product of a finite
abelian group and a free group on k generators where % < .

Show that the discriminant of any basis for % = Q(6) is rational and non-zero.

Let 9 be a complex number satisfying a monic polynomial equation whose coefficients are algebraic
integers. Show that ¢ is an algebraic integer. :

Let & =Q(&) where E= ¢ ”* for a rational prime p. In the ring of integers Z[£], show that a. e Z[¢] .

is a unit if and only if Ny (a)=+1.

Show that factorization into irreducibles is not unique in the ring of Q(«/ig )

Show that every principal ideal domain is a unique factorization domain.
Show that if a, b are non-zero ideals of the ring of irit_qgers D of a number field K of degree n, then

there exists a €@ such that g a"! +p =D,

With usual notations, show that if @1, 0g,...,0, is a basis for K over Q then o(ay),..., o(a,)
are linearly independent over R. '
Show that the class-group of a number field is a finite abelian group.
Show that the equation x* + y* = 22 has no integer solutions with x,9,2#0.
(7 x 2 = 14 weightage)
Part C :

Answer any two questions.
Each question carries weightage 4.

Show that if K is a number field then % = Q(8) for some algebraic number §.
Show that the ring D of integers of Q[£] is Z[£].

Show that the ring of integers D of Q(+v=7 ) is an Euclidean domain.

Show that an additive subgroup of R” is a lattice if and only if it is discrete.
(2 x 4 = 8 weightage)
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