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Part A

Answer all questions.
Each question carries a weightage of 1.

Prove that a countable set has outer measure zero.
Show that the translate of a measurable set is measurable.
Define a measurable function. Give an example of a measurable function.

Let f be a bounded measurable function on a set of finite measure E. If A and B are disjoint
measurable subsets of E, then prove that

IAf+IBf= jAuBf

For a number a , define f(x)=x" for 0<x <1 and f(0)= 0. Compute L:f.

Let f be integrable over E. Prove that for each e>0, there is a Set of finite measure E, for
which IE-E,IfI <e.

Find the upper and lower derivatives of the function f déﬁned on R by

xsin(l/x) ifx=0
f (x) & ( / ) : s
0 ifx=0
a? b?
For 1< p <x,q the conjugate of p, and any two positive numbers a and b, prove that ab < 7 + 7 ;

(8 x 1 = 8 weightage)
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Part B

Answer any six questions by choosing two questions from each unit.
Each question carries a weightage of 2.

Unit I
Show that the union of a finite collection of measurable sets is measurable.
IfE, and E, are measurable, then prove that

m(By UEy)+m(Ey NEs) = m(E;)+m(Ey).

Let { fn} be a sequence of measurable functions on E that converges pointwise a.e. on E to the

function f. Prove that f is measurable.
Unrr II

Let f and g be bounded measurable functions on a set of finite measure E. Prove that

IE(f'+ g)=IEf+ Jz&

Let fbe intégrable over E and {E,}” _, a disjoint countable collection of measurable functions of E

whose union is E. Prove that I Ef 2 Zl ,[ E, f.
n=

Show that linear combinations of sequences that converge in measure on a set of finite measure
also converge in measure.

Unirr IIT ‘
Prove that a function fon a closed bounded interval [a,b] is absolutely continuous on [a,b] ifand
only if it is an indefinite integral over [a,b]. ‘
If ¢ is differentiable on (a, b) and its derivative ¢' is increasing, then prove that ¢ is convex.

State and prove Minkowski’s Inequality.
; ' (6 x 2 = 12 weightage)
Part C

Answer any two questions.
Each question carries a weightage of 5.

(a) Prove that any set of outer measure zero is measurable.

(b) Prove that the outer measure of an interval is its length.
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(a) State and prove Fatou’s Lemma.
(b) Let E be of finite measure. Suppose the sequence of functions { fn} is uniformly integrable

over E. If {f,}— f pointwise a.e. on E. then prove that f is integrable over E and
,}ﬂIEW: jmf'

Let f be a bounded function on the closed, bounded interval [a,b] . Prove that f is Riemann

integrable over [a,b] if and only if the set of points in [a,b] at which f fails to be continuous has

measure zero.

(a) Let the function fbe absolutely continuous on the closed bounded interval [a,b]. Prove that f

is the difference of increasing absolutely continuous functions and, in particular is of bounded
variation. 3

(b.) LetE be a measurable set and 1< p <. Suppose {fn} is a sequence in I/ (E) that converges

pointwise a.e. on E to the function f which belongs to L” (E). Prove that {fu} > f in LP (E)

: sk P
if and only if '1_)111; IEIfnl = IElflp'

(2 x 5 = 10 weightage)



