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Part A (Short Answer Questions)

Answer all questions (1-14).
Each question has 1 weightage.

1. Let A be a linear transformation from the vector space R” to R™. Prove that | A | <.

2. Let A, B be linear transformation from the vector space R" to R™. Prove that
|A +B|<|A|+|B]
3. Let f:R? 5> R be given by :
x3

f(x,y)=4x2+y2
0 if (x,¥)=0

if (x,y)#0

If u is any unit vector in R2, then show that the directional derivative (D,f)(0,0) exists.
4. Define contraction. Give an example of contraction.

5. Let [A] be a square matrix. If [A] has two columns equal, then prove that det [A]=0.

6. Find a parametrization of the parabola y = x2.

7. Find the Cartesian equation of the parametrized curve ¥ (£) = (c032 t,sin® t).
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Show that the curve Y(t)=(§ (1+t)/ ag(l't)/ ’72=) is of unit speed. .

Compute the curvature of the curve y (£) =(¢, cosh t).

Prove that the curve Y () = (t, o ), teR is a regular curve.

Define smooth surface and give an example of it.

Calculate the first fundamental form of the surface o (1,v) = (u, v,u® + 02)-

Prove that the second fundamental form of a plane is zero.
Calculate the mean curvature of the surface o (u, v) = (& + v, u - v, uv) at the point (2,0,1).

(14 x 1 = 14 weightage)
. Part B

Answer any seven from the following ten questions. (15-24).
Each question has weightage 2.

Prove that a linear operator A on a finite dimensional vector space X is one-one if and only if the
range of A is all of X.

Let Q be the set of invertible linear operators on R". Prove that Q is an open subset of L (IR")

and the mapping A —>'A'1 is continuous on Q.

Let f maps a convex open set EcR" intoR™ and let f be differentiable in E. If
f'(x) =0 for all x € E, then prove that f is a constant.

If the tangent vector of a parametrized curve is constant, then prove that that the image of the
curve is part of a straight line.

Calculate the arc length of the catenary y (£) = (¢, cosh ¢) starting at the point (0,1).
If 7 is a unit speed curve, then prove that ¥ is zero or perpendicular to 7.

Let S;,S, be surfaces and let f :S; — S, be a diffeomorphism. If o, is an allowable surface patch

of S; , the prove that f o o; is an allowable surface patch of S,.
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Show that the application of an isometry of R® to a surface does not change its first fundamental

form.

Prove that the normal curvature of any curve on a sphere of radiusr is + l
' ¥

If k, and k, are the principal curvatures of a surface, then prove that the mean and Gaussian

“curvatures are given by

H =—;—(k1 + hy), and K = kyks.

(7 x 2 = 14 weightage)
Part C

Answer any two from the following ten questions (25-28).
Each question has weightage 4.

Let fmap an open set E c R" into R™ and let f be differentiable at x € E. Prove that the partial
derivatives (D ;f:)(%) exist and
m
F(x)ej= 2, (Difi)(=)wm,
i=1

where 1< j<nand{e;,eg,...ccccoer sl ) g g ,un} are standard bases of R" and R™ -
respectively. ’

Prove that a parametriséd curve has a unft-speed parametrization if and only if it is regular. -

Let y(t) be a regular curve in R® with nowhere vanishing curvature. Prove that its torsion is - '

given by

(ix7)-¥ ‘
47

: d
where x denotes the cross product and dot denotes -

Let S be a connected surface of which every point is an umbilic. Prove that S is an open subset of
a plane or sphere.

(2 x 4 = 8 weightage)



